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1. Introduction

The N = 4 superconformal symmetry appears in the dynamics of a charged particle in
the near horizon geometry of a four-dimensional charged extremal black hole [fl]. The
connection can be traced back to the geometry present in this case, which has the structure
of AdS, x S?. This implies that the mechanics describing the radial motion of the charged
particle in the near horizon geometry inherits the global conformal symmetry group in
one dimension, SO(1,2), [B]. The near horizon geometry of the charged four-dimensional
extremal black hole is given by the Bertotti-Robinson metric!,

2
ds? = — (ﬁ>2dt2 + <%> dp? + M2d02. (1.1)
M 1)

!For a review see [E, E]



This geometry admits eight globally defined real Killing spinors (it is a BPS state with
four real local supersymmetries), which implies the existence of 8 real supercharges. Hence,
a simple mechanical model which captures this property is the PSU(1,1]|2) conformal

mechanics.?

The superfield equations of motion can be constructed using the method of
nonlinear realizations (NLR) in superspace [, f]]. N-particle superconformal mechanics
has been studied in [, where the relation with black hole physics is analyzed. N = 4
superconformal mechanics also arises in the computation of the macroscopic black hole
entropy of a D0-D4 black hole [f].

In this paper we will study more in general the dynamics of a superconformal parti-
cle. This dynamical action is constructed by the method of non-linear realizations without
using superfields or requiring additional constraints [[]. As in [, ], we consider the coset
PSU(1,1]2) and no notion of geometry is used to construct the action. The Goldstone
fields will depend only on the world line parameter 7. This procedure allows us to consider
in a unified framework the cases of broken and unbroken supersymmetries. The lagrangian
will depend on six couplings constants, whose physical meaning is associated with char-
acteristics of the particle and the black hole, like mass, charge, angular momentum. In
the case with unbroken supersymmetries, a new local gauge symmetry, kappa symmetry,
appears so that half of the fermionic fields can be gauged away and a BPS lagrangian is ob-
tained. This symmetry appears when the coupling constants verify a precise relation. This
condition can be understood in two ways, as an equality between the Casimir invariants of
the SU(2) and the SO(1, 2) sectors, or more physically, as the equality m = e, where m and
e are the mass and the charge of the particle. In this case, the existence of supercharges, )
and S, generating standard supersymmetry and superconformal transformations, respec-
tively, allows to consider two kinds of BPS configurations; those that saturate the bound
of the hamiltonian H = [Q, QT] + and those saturating the bound of the special conformal
transformation generator K = [S, ST] 4

In the superconformal model considered here, there also appear two bosonic local
symmetries, one corresponds to ordinary diffeomorphisms of the world line, and the other
is a U(1) gauge symmetry. The gauge symmetries appearing in this model are understood
as a right action of the coset following reference [I0]. The U(1) symmetry only transforms
the Goldstone fields associated to SU(2) coordinates. Putting the fermions to zero two
decoupled lagrangians are obtained: i) the conformal mechanics lagrangian written in a
diffeomorphism invariant form, and ii) the lagrangian of a particle on a sphere in which a
monopole is located at the center. The latter system has only one degree of freedom, in
agreement with the existence of the U(1) gauge symmetry. If the fermions are switched
on, the two systems interact but the U(1) symmetry still remains.

It is well known that, at the quantum level, the conformal mechanics has no ground
state associated to the hamiltonian H and the wave function spreads out to spatial infinity.
In [Q], de Alfaro, Fubini and Furlan suggested that one should consider the eigenstates of
the compact operator Py = %(H + K) which has a discrete spectrum and normalizable

2This group is often referred to as SU (1,1]2), although this group contains nontrivial central extensions,
which are absent in PSU(1, 1]2).



eigenstates. From the perspective of the particle motion near the black hole, this corre-
sponds to a different choice of time [[[]. In fact, the variable conjugate to Py is the global
time of AdS, and can describe the motion of the particle entering in horizon, instead the
time conjugate to H only describes the motion of the particle outside the horizon. There-
fore, it is also natural to study the dynamics of the superconformal particle using the new
basis, that we call the AdS basis®. In our approach this implies a new parametrization of
the coset, leading to a new parametrization for the action (see section 5). The system is
now described by a relativistic lagrangian containing two square roots, plus a WZ term
that represents the coupling of the particle to the electromagnetic field. This lagrangian
has also three gauge invariances as in the previous parametrization, also referred to as the
conformal basis.

In summary, the AV = 4 super conformal model, which is presented here in two different
basis, describes the equatorial motion of a particle in the background of a near horizon
of a NV = 2, charged, four-dimensional, extremal black hole. A D(2,1,«) superconformal
mechanics in superfield formalism of [[J] describes also a motion of a particle in a equatorial
plane. A general three-dimensional motion in N = 4 conformal mechanics [§], [[3, [4)* is
not obtained with the coset considered here. It is natural to ask whether there exits other
cosets that can produce a general three-dimensional motion without further physical or
geometrical requirements.

The outline of the paper is as follows. In section 2, the Maurer-Cartan (MC) forms
are constructed, and in section 3 the Lagrangian in the conformal basis is presented. In
section 4 the gauge symmetries of the model and the gauge fixed form of the lagrangian
are studied, and in section 5 an AdS parametrization of the coset is given. section 6 is
devoted to discussions. There are five appendices with some technical details.

2. The PSU(1,1]2) Lie algebra and its NLR

The essential feature of the MC forms that make them useful objects to describe dynamical
systems is that they define invariants under a non-linearly realized group action. The first
step to calculate them is to choose a coset, in this case, it follows from the discussion in
the introduction that the choice will be PSU(1,1]|2). The associated algebra is formed
by generators of dilatation D, special conformal transformations K, time translations H,
SU(2) rotations J,, four supersymmetries @, Qj, and four superconformal symmetries S?,
S;r . The algebra is given in the appendix A.

Then it is possible to locally parametrize an arbitrary supergroup element g as: °

. T T . T T s . . . 1 . 2 . 3
g= goez(Qn +nQ )ez(S)\ +AS )gJ, go=e ltHezzDesz’ gy = 629 Jlew Jgeze Jg‘ (21)

In this approach, the coordinates ZM = {t,z,w,n, nt, A AT, 6} in the group manifold will
become functions (Goldstone fields) of the worldline parameter 7 —and not superfields [[]-

3 A different parametrization for the AdS basis is used in [E]

4This author employs the non-linear realization approach with a different coset, making use of the
geometry of curves to construct the superconformal action [E]

5In the following, the index i of the fermionic fields will not be written explicitly.



after the pullback on the world line of the particle is taken. Note that we have also
introduced a Goldstone field, ¢, associated to the unbroken translation H. Here go and g;
parametrize the SO(2,1) and the SU(2) group elements, respectively.

The left-invariant (LI) MC one-form (2 is given by

QO =—igldg=L"H+LPD+ L K+QLC+LOQT+SL™ +L°ST+L%J, = LG4, (2.2)

where the one-forms LA = dZM Lf/l are given in appendix A. The MC one-form € satisfies
the MC equation
dQ) = —iQ2 A€,

which merely asserts that (R.3) defines a flat connection. By definition of the LI MC
one forms LA are invariant under the left action of the group. The explicit form of the
infinitesimal group action on the Goldstone fields is constructed in the next section.

2.1 Global symmetry

A mechanical system is defined by an action principle, which in this case is given by
the integral along the worldline of the pullback of the bosonic LI MC forms. In order
to characterize the states of the system, it is necessary to identify the invariances of the
action explicitly through the left transformation of the Goldstone fields, 67, Z, under the
symmetry group.

As we have introduced all the generators to parametrize the group element g, each
MC one-form component L4 is invariant under global (rigid) group transformations. The
transformation of the Goldstone fields is defined from the left action of the group on g(ZM)
as

g(ZM) = e Cag(zM) = g(2M + 5,2, (2.3)

At the level of the algebra, the left translations 67,2, are generated by the right-

invariant (RI) vector fields Vg, dual to the RI MC forms [,

Q= —idgg™! = dZM Ry "G 4. (2.4)
The RI vector fields ‘73 are related to the variations of the Goldstone fields 67, Z™ through

~ 0
V= M _ A p-1y M
=0LZ  ggm =< (B)a 7w

This observation provides an alternative way to construct the §;,Z. From the previous

= AV, (2.5)

discussion it follows that the bosonic global transformations for PSU(1,1|2) are given by

Time translations : 0gt = —eypy, (2.6)
Dilatations : dpt = tep, dpz = €p, (2.7)
Special Conformal : §xt = —t?ex, Oz = —2ter, Oxw= e ek, (2.8)
SU(2) Rotations : dgp(2yn = —%naae“, dsu@A = —%)\aae“, (2.9)
Ssu(2)0” = (R)5e. (2.10)

b

The conjugate coordinates n! and AT transform correspondingly. The matrix (R™1)% is
given in appendix A and the supersymmetry transformations are in appendix B. In the

next section, the action principle is constructed.



3. Dynamics of the superconformal mechanics

The set of LI one-forms obtained from the Lie superalgebra psu(1,1|2) can be used as
lagrangians for mechanical systems since they are, by definition, objects that can be inte-
grated along one dimensional trajectories. If we assume an action with the lower number
of derivatives,® it is naturally given by a general linear combination of the invariant one
forms,

S = /bA (L) dr, (3.1)

where (LA)* stands for the pullback of L? to the particle’s worldline and the by’s are
arbitrary coefficients.

It must be noted here that there is no a priori reason to rule out the fermionic one-
forms appropriately multiplied by Grassman numbers in order to obtain the right Grassman
parity for a bosonic action. For simplicity, this possibility will not be considered here. The
choice of only the bosonic LI MC forms as lagrangians is the first physical assumption in
the present construction. Using ([A.11)-([A.14), the mechanical model invariant under the
PSU(1,1|2) group, constructed by taking the pullback along a worldline parameter 7, of
a linear combination of the bosonic one-forms L7, LP, LK L% reads,

S = /L dr = / (b L™ +bpLP + b LK + b,L%)"
— / (L9)* Nic + (L) Np + (L) Nig + b (L0)" + N, (3.2)

The coefficients by are real but otherwise arbitrary, having the dimensionalities [by] =
171, [bx] = 1', [bp] = [ba] = 1°. The Ny, Np, Nk and N, are defined in the appendix A
by equations ([A-24), (A:27), (A28) and (A29), respectively. The SU(2) coset one-forms
LY are given in (A:1§), and the SO(1,2) coset forms LY, LY and LY are given in (A17).

By inspection of (B.9) it can be noted that the velocity w appears, up to a boundary

term, linearly in the lagrangian and therefore w can be eliminated from the action using
its own equation of motion,

55 _
dw

—Ng — 3Ng + 2e*IN
0 — o SKTENKTZC D
2e %t Ny

Introducing the new bosonic coordinate ¢, defined by

1/2
q= \/562/2 <%> , (3.4)

K

the action (B.9) can now be written as

.2 M
q 2t

S= [dr |bg— —
/T [K% brq?

5Other combinations can be taken, for instance VbapLi LY, where LA = Lidr. In general this la-
grangian will contains accelerations eventually.

NpNg
Nk

(NuNk = Np) — + Niew +0%(Lo)". (3.5




This action clearly resembles the conformal mechanics of [J], with the characteristic ¢ =2

potential as the interaction term which produces the nontrivial coupling between bosonic
and fermionic degrees of freedom.

One of the relevant aspects found in [[[] is the explicit relation between conformal
mechanics and a physically nontrivial model describing a charged particle in the near
horizon geometry of an extremal, four-dimensional Reissner-Nordstrom black hole. Indeed,
it is trivial to show that the conformal mechanics of (4] describes the motion of a
particle on a background isometric to AdSy . If the particle is charged, however, it would
also interact with the electromagnetic field of the black hole, and the trajectory would no
longer be a geodesic of the manifold.

In order to compare with ref. [[[], it is enlightening to write down the purely bosonic

part of the action.

-2 [ 2
P 20 [bgbg —b o Ons
S D | G ) | XS ST

which explicitly reflects the global invariance under the bosonic part of PSU(1,1]2), name -
ly, SO(1,2) x SU(2). As 63 enters linearly in by (L9)*, see (A1§), the 63 coordinate can be

eliminated as well by using its own equation of motion. The resulting action reads

-2 i 2
q 2t (bybx —b - -
S|n:7ﬁ:)\:)ﬁ:o = /dT [bK% - ? <TD + \/b% + b%\/@% cos? 0y + 603

—b3 91 sin 92] . (37)
_ / dr[L(q) + L(0%)] (3.9)

The direct product geometry of the BR metric ([L.1)) is reflected in the first three terms.
They represent a geodesic in AdSs and a geodesic in S?. The last term can be interpreted,
following [L§], as the electric coupling of the particle with a monopole field located at the
center of S?. Further physical life can be given to this model, comparing L(g) and L(6)
of (B.§) with equation (2.11) of [fl] and equation (8.4) of [L§] respectively, the constants ba
can be identified as

bg =m (bubrx — bh) =2M* (m —e)m+J*> b =J>  by=ge.  (3.9)

Here m is the mass, e the electric charge and J is the angular momentum of the particle,
while M is the black hole mass and g is the monopole charge. The authors of [[[] used
the constant angular momentum on shell condition, replacing it in the equation of motion
of ¢ and, in advance of quantization, wrote the angular momentum as [(l + 1). In the
identification (B.9) this convention has not been followed.

The appearance of a monopole field has its roots in the fact that SU(2) is homeomorphic
to S3, since an atlas over S defines a fiber bundle (the Hopf bundle) classified by the
transition function in the n = 1 homotopy class of 71(U(1)) = Z. This is identical to the

characterization of a magnetic monopole of unit strength.



An interesting mechanism has operated here: the elimination of some non dynamical
variables from their equations of motion produced a recombination of the b4’s among
themselves, giving rise to the effective parameters of the theory (B.7).

The relation between the parameters of the conformal mechanics and observables have
a nice example in the de Alfaro, Fubini and Furlan conformal mechanics [fl], where the
coefficient ¢ in the hamiltonian

H= % <p2 + %) (3.10)
can be recognized as the Casimir operator of the conformal group SO(2, 1), classifying the
irreducible representations of that group [g].

In the action (B.7) there is no direct coupling between the bosonic coordinates ¢ and

0%; they interact only through the fermions.

4. Local Symmetries

4.1 Local symmetries in general

In order to examine the local symmetries of the action (B.J) using the NLR approach we
followed the procedure developed in [[[(. The gauge symmetries are interpreted as right
actions on the coset”.

The general variation of the LI MC one-forms can be described only in terms of the
structure constants (f* pc), the LI MC forms and the variation of the Goldstone fields
themselves®

SLA =d[6Z4) + fApoLC [627], (4.1)
where [§Z4] is LA in which dZM is replaced by 6ZM
624 =62 LyA for LA =dzMLyA (4.2)

The crucial point is the relation between [6Z4] and the right transformation on the group

element
g(ZM) = g(ZM)'Ga = g(ZM 1 6pZM)  [6r24) = 4, (4.3)

where drZ now refers to the right action of the Goldstone field Z. After the pullback is
taken on the LI MC one-forms, the ¢ parameter can be made local, € — ¢(7). Using ([.1),
the LI MC variations can be computed:

SpL = dlopt] + LP[0kt) — LY [0r2) +iL2[0rn"] — i[dpn] LY (4.4)

SrLE = d[sgpw] — LP[6pw] + L¥[6g2] +iL5[0g A1) — i[spA] L5 (4.5)

OrLP = d[ogz] + 2L [6pt] — 2L [5pw] + Lok M)+ [0rNILY — [5an]LS" — L[5pn']
(4.6)

SpL® = d[6r0%] + e L[5 50" — i (L%a 6rAT] — [0RA0L?" — [6n]o® LS*)
—iL%c[6rn"] (4.7)

"For some earlier work in this direction, see for example [E]
81n the case of kappa transformations of superbranes, see for example @, @]



The invariance of the action — modulo surface terms — under the above variations requires

by 0 —bx\ [ [6rt]

0 b 2 | | r2] | =0 (4.8)
%p b 0 ) \[Sruw]
b%€avcl0R0"] = 0 (4.9)
by —ibp — b0,
<[6R77] ) [6R)‘]> (’LbD R X bK > = 0. (410)

Provided the determinant of the system vanishes, this homogeneous equations have non-
trivial solutions for [z ZM] corresponding to the different local invariances.
Since the determinant appearing in eq ([.§) vanishes, there is a non-trivial solution

b b
[Ort] =€(7), [0rz] = —2—De(7'), [Orw] = —He(T), and others = 0, (4.11)
br br
where €(7) is an arbitrary function. We will refer to this transformation as 7' symmetry.

The (f.9) is the local U(1) transformation
[0rOY] = b%a(T), and others = 0, (4.12)

where a(7) is an arbitrary function.

The T and U(1) symmetries are present for any non-vanishing value of the coupling
constants. This implies that the number of physical bosonic degrees of freedom described
by the action (B.9) is two, therefore it is not describing the most general motion of the test
particle in the near horizon of geometry of a N' = 2 charged four-dimensional extremal
black hole, that has three bosonic degrees of freedom.

The number of linearly realized worldline supersymmetries of the lagrangian is related
to the rank of the matrix in (4.10). When bybx # b% + b%b* the 4 x 4 matrix in (%.10)
has the maximal rank and ({.10) only has trivial solution [0grn] = [0gA] = 0. In this case
the system has no local fermionic symmetry and all supersymmetries are broken (non-BPS
particle).

If

bubrx — b3 = bW, (4.13)
the rank of the matrix (.10) is 2 and the number of linearly realized supersymmetries of
the worldline is 4 (BPS particle). This relation implies the equality between the Casimir
invariants of the SU(2) and SO(1,2) sectors.

The action acquires a new local symmetry, the so-called x symmetry. The correspond-

ing non-trivial solution is

b b%o,
Orn) = ry(7). ORA] = ep(T)(5 2 + ), (4.14)
br br
and other bosonic [0z Z4] are zero,
[0rt] = [6r2] = [6pw] = [0rO?] = O, (4.15)

where ﬁf] (1) is a SU(2) doublet arbitrary Grassman-valued function of 7.



Following [[10] we can construct the generators of the local algebra. In our context the
local symmetries 7', U(1) and &, are

bp by b®

T=H-22p+ g o J. (4.16)
bx b by

B = b, (4.17)
- ‘ / ibn b .

Q =Q +5 —Z—D(Sjl + —(04);' (4.18)

by b

Ql =l + (Zb—D5ij + b—(%)ij> st (4.19)

by br J

In the case of (.1J) they generate unbroken symmetry of the Lagrangian (B-2) and
form a subalgebra of the psu(1,1]2),

[Qi,Q}L = 6T, [Qi,QﬂL = [Qi,T} —0, (4.20)
[B,Qi] — %Qﬂ’(baaa)j", [B,T] = 0. (4.21)

The diffeomorphism invariance, 7 — 7/(7) is not independent of the local symmetries
previously discussed. Moreover, when the condition (f.IJ) for x symmetry is satisfied,
diffeomorphims are equivalent to linear combinations of the local symmetries obtained
from the right translations, with parameters chosen in terms of 67 = &(7) as

b1 b\*
(@ =whyem), o ="E o k@) = @en. @)

In the non-BPS case there is no kappa transformation.

In the appendix C it is shown that these combinations of the local transformations
and diffeomorphisms differ by trivial variations, i.e. (graded)anti-symmetric combinations
of the equations of motion.

4.2 Kappa symmetry
It has been shown that if the constants of the Lagrangian satisfy (f.1J), the action is

invariant under the kappa transformations. The transformation of the fields around the
configuration n = T = 0, is obtained from (f.14) and (E.13) as

5,£77|,]:77T:0 = /{ns(ﬂ)_l, 5,477T|n:nf:0 = S(G)an. (4.23)
Where s(0) is the spin one half representation of the SU(2) group, by redefinition of the pa-
rameter &, s(6) can be reabsorbed. Then it follows that in any neighborhood of n = T =0
the gauge slice

n=n"=0 (4.24)
is accessible. In this gauge the remaining coordinates transform as
1 t 1 t
Ok Ayt =0 = Ky — 5/4,7()\)\ ) — 5)\(/17,)\ — Apt) (4.25)

°The transformation for a general configuration is rather complicated. We give it in the OSP(2|2) case
in the appendix D.



6Rt|n:n-f:0 - 0 ( 6)

Sx2lymni—o = —(Adn! + 6xnAT) (4.27)
Optlymyt—o = —w(Axn' + 6,nAT) + %(Afw — 8. AN + <A6 ' — xnAT)(AAT)

(4.28)

0x0ymi—o = —i(Aopban’ — SenopAl) (RE) ™ (4.29)

As can be seen from the previous results, when the kappa condition ([E13) is satisfied,
it is possible to gauge away half of the fermions. In the next section diffeomorphism and
kappa symmetry are further fixed, residual transformations found and BPS states obtained.

4.3 Gauge fixed lagrangian and residual global transformations

The kappa symmetry can be used to further simplify the form of the lagrangian. In fact,
imposing (f£13), and setting n = n' = 0 and the static gauge t = 7, the action (BH)
becomes

.2 .
_ @ 2 (1 e L N AN oY 0)*
S_/dt bK[Q = (4(M) (AouA)Sg + G ) = 5N =N + (£4) b
(4.30)

where, in this gauge,
q=V2e2. (4.31)

—2

Moreover the coupling constant of ¢~2 computed in [fl] for the kappa-symmetric particle

(e = m) is exactly reproduced.
g babe, J?

As it was previously pointed out, 62 is non dynamical, its elimination reduces (f3Q)
to

.2 -
2 fy2, baba\ _EL s g
L=biy — e (b a2 4 7 Shi (A= A

+m\/(9100592 +j‘€1)2+ <92+j'62)2

by (—é1 sinfs + j - 63) , (4.33)

(Ao At
q2

where j, = 2 and the orthonormal basis e, is given by

cos B 0 —sin 6y
e1 = | sin@; sin 6y es = | cosby e3 = | sinf;cosfy | . (4.34)
cos 01 sin 09 —sin 6 cos 61 cos 09

It must be noted that action (f:33) still has the U(1) gauge invariance ([13), 66° =
a(T)b, (Lg)f1 , which after 03 is eliminated becomes

601 = a(7)(01+7 - e1/cosby),  00a = a(r)(B2 + - e2), (4.35)

,10,



where

G(r) = —— Vi + by _ a(r), (4.36)
\/(6?1 +j-ea/cos09)2 + (0 + 7 - e3)?

and 6ZM = 0 for other fields.
The gauge fixing has changed the form of the global transformations. This is be-

cause local transformations must be used in order to respect the gauge slice previously
chosen. This means that local compensating transformations must be introduced. It is
straightforward to show that they are given by

o* (t—r) ’n:nfzo;tzr = (e’:‘t + 0.t + 5gt) ‘U:UT:Qt:T =0 = = —dgt, (4.37)
6*77|17:17T:O;t:7— = (677 + dism + 5G77) |17:17T:0;t:7— =0= kn = Jey, (438)
5*77T‘7]:7]T:0;t:7' = (e’:‘??Jr + 5,@77T + 5G77T) ‘U:UT:Qt:T =0= an = _5G77T, (4.39)

where 0 stands for any global SU(1,1|2) transformation. The residual transformations
for the remaining coordinates * are defined in the same way as the former variations, but

with the local parameters given by (£.37), (E39),

(5;{(] = €yq 5?{)\ = EH}\ 5?{6“ = eHéa (4,40)
spa=ep($-td)  GpA=—tepd  6p0" = —tepf” (4.41)
0jcq = —texq+t2exq A =1tlegh 550" = tex 0" (4.42)
G =0 GA=—doee 00 =Ryl (4.43)
. 1 . 1 % na . _1 \/_
554 = EEQM oM = \/_—2q)\;2)\;reQ 55.0% = —icq (abAT> R,
” (—aqq ba k 1 1o V2
55 e = (i | =) 5, — 22 (o)) Zoud — ST | e X2 4.44
0: M <Z< 5 ) =g (ob); Sha + 50N = SN | €@ . (4.44)
t V2 i
0t g = it—Mes oAl = ——L T 55 0% = —— s (o A R
54 \/—z Sk \/iqsz S; S(b)

2 ba 1 2
55 M = ((% - %t) it + it (03)f Spa — it 55 (M) + 5%&@)) ieg (4.45)
K q

To study the existence of BPS states, the residual transformation of the fermions under
Q’s and S’s are considered. In this way, two BPS equations arise:

. « qq baba
5o, M = 5QI)\ 0— <2> + 62 =0, (4.46)
2
SV T ¢ 40\, pbaba _

As both of them are the sum of two positive terms, a necessary condition for the existence of
BPS states is b, = 0. Then, by eq. ([.33), the coupling constant vanishes and the system is
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just the free particle. Then, the ¢ = 0 configuration, (f.44), saturates the bound of the free
particle Hamiltonian H, meanwhile the ¢ = { configuration, (£47), saturates the bound
of the free particle special conformal transformation generator K. So the existence of non
trivial 1/2 BPS states is ruled out.

4.4 Bosonic Motions

Let us now study the bosonic trajectories of our model. If we fix the diffeomorphism by
taking the gauge £ = 1 the Lagrangian (B.7) becomes

‘J__ _2 2 2,/ 12 02 )2 4 eng
S = /df[ R (beK b2,) + /02 + b31/ 2 sin2 0 + @ —|—eg(¢0059>],

(4.48)

where ¢ = 61, 6 = § —05. The first class constraint associated to the U(1) gauge invariance
of the Lagrangian is,

1
U==

4.4
X 0 (4.49)

sin @

4+ egcosf 2
m(u) B+ B

where pg, pg, py are the canonical momenta associated to the coordinates g, 8, ¢. The Dirac
Hamiltonian is

2 2
P2 2 (bybx — b3
=44 2 (ZE_ D) 4w 4.
om + ( - + AT, (4.50)

where A is an arbitrary function of ¢. In the presence of a monopole background the
conserved angular momentum is

+ egcos b
J = poey — <M> ey — (eg)er, (4.51)

sin 0

where e,,ep, e, are the othonormal unit vectors in the polar coordinates. The con-
straint ([.49) means that the value of J? is fixed by parameters of the lagrangian as

2 2 pg + eg cos b 2 2 2
J*=ps+ e + (eg)” ~ b. (4.52)

We have considered the kappa invariant case when ({.13) is satisfied. Furthermore, in
a gauge where the arbitrary function A appears as

4

A= p (4.53)
the Hamiltonian becomes
et e o (e B ) s
The corresponding lagrangian is
L= %(22 + m8q <92 + ¢? sin 9) - 2( (1)2 (eg)d cos . (4.55)
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The Lagrangian ({.55) agrees with the bosonic part of the D(2,1,a = —1) superconformal
lagrangian considered in [[L1]]. It coincides also with that of the DO particle on a black hole
attractor [§] up to second order expansion in derivatives.

Although the form of the lagrangians coincides, the physical content of these models
is different. The lagrangian ([L.55) has associated the constraint ([f.49);

* 1mq22'2 12 i 2 2 2

In both cases the trajectories of the particle are on a two dimensional cone. However, in our
case the total angular momentum squared is constrained by ([£.56), it follows that in terms

\/b2+b3
b3 )

of the parameters of our lagrangian the opening angle of the cone is fixed as tan~!(

5. Covariant AdS parametrization

At the quantum level, the conformal mechanics has no ground state associated to the
hamiltonian H. The wave function spreads out to spatial infinity. The authors of [
suggest that one should consider the eigenstates of the compact operator Py = %(H + K)
which has a discrete spectrum of normalizable eigenstates. From the perspective of the
particle motion near the black hole it corresponds to a different choice of time [fl]. In fact
the conjugate variable to Py is the global time of AdSs and can describe the motion of
the particle entering through the horizon, instead the time conjugate to H only describe
the motion of the particle outside of the horizon. Therefore it is also natural to study the
dynamics of the superconformal particle using the new basis, that we call AdS basis. In

our approach this implies a new parametrization of the coset, that we take

2 . _ = ray o . . /
g = gédsz gOS el(QnJrnQ) el(S)\Jr)\S) eszy engy’ (51)
where
‘D0 1 2 Sr 0l 7o p2
gédSQ — 6ZP'Q:L' 62P1:L' , gég — eZJ109 elJQ@ (52)

and the AdSs generators Py, Py, My, are related to the conformal ones by

H+K H-K
=t t P _D, My = . (5.3)
2 2
The MC one form is
Q= LPp, + LM My + Lo J, + L3 + QLIQ + LOQT + SLTS 4 LS. (5.4)

where ;1 = 0,1 and a = 1,2. The invariant particle Lagrangian is a sum of bosonic forms
L= L"%bp, + LMbys, + L7*b, + L7bs. (5.5)

In (b.1) we have put e?Mory, ¢J1¥’ at the right so that dy and dy’ terms appear in the
lagrangian in total derivative forms and can be omitted. The Lagrangian is written as

L = (A sinhy+ B coshy + C) + (A" siny’ + B’ cosy’ + ). (5.6)
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where
A=bp L +op, LT, B=0bp L +bp LY, C = by, LM
A = L] —b L, B =b L] 40l O =bL (5.7)

where the explicit forms of L‘f"s are given in the appendix A. The Goldstone fields y and
1y’ are non-dynamical variables and can be eliminated using their equations of motion and

2
b%’o - b%ﬁ \/(LfO)Q - (Lfl) + by Li\/fm

—\/b2 + b3 \/(L{1)2 + (L{2)2 + by L. (5.8)

As the previous discussions in section 4 the action from (p.§) is invariant under two bosonic

local symmetries, diffeomorphism and U(1). It is also invariant under the kappa symmetry
if the coefficients of the Lagrangian are verifying

bh, — b, — big, = baba. (5.9)

which is corresponding to (f13), brbx — b2D = byb,.

As in the conformal basis this relation implies and equality between the Casimir in-
variants of SU(2) and SU(1,1). The two WZ terms represents the coupling to the elec-
tromganetic field.

The lagrangian (f.§), where the fermions have been set to zero,

0 .%'1

z! dz" .
bh, — b}, \/(dxo cosh E)Q — (dzV)? + bag, = sinh =

62+ 83 /(401 cos 02)2 + (d62)? — by d9' sin 62, (5.10)

does not reproduce the motion of a relativistic particle in AdS; x S5, because the la-

grangian here has two square roots which is not equivalent to the lagrangian studied in
references [[[J], [[4, B, [§]. The two systems have different numbers of degrees of freedom
since they possess different bosonic gauge symmetries. A similar effect occurs in the con-
formal basis due to the appearance of two gauge symmetries, diffeomorphisms and U(1)
transformations. In the DO brane lagrangian, instead, there are only diffeomorphisms.
Since we have interpreted the gauge transformations as induced by the right action on the
coset by unbroken translation [[1{], it means that there are two unbroken translations given
by Py and the b*J, in the present case.

6. Discussion and Outlook

The BPS and non BPS dynamics of a superconformal particle has been constructed, using
only the method of non-linear realization without resorting to superfields or requiring
further constraints [[]. The coset PSU(1,1|2) had been considered, as in [f, f]. The
particle action contains six couplings constants and is invariant under two set of bosonic
gauge symmetries, diffecomorphisms and U(1) gauge transformations. When the condition
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on the coupling constants ([.13) is verified, the action becomes also kappa symmetric. This
relation implies the equality between the Casimir operators of the SU(2) and the SU(1,1)
sectors. Following reference [[[(] these gauge symmetries can be interpreted as generated
by the unbroken “translations” via the right action. Furthermore, the algebra verified by
the generators of gauge transformations was found.

The description of the dynamics has been done in two different bases or parametriza-
tions of the coset: the conformal basis and the AdS basis. In both cases the kappa-
symmetric and non kappa-symmetric models can be viewed as describing the equatorial
motion of a particle near the horizon of a N/ = 2 charged four-dimensional extremal black
hole. It turns that the particle has its total angular momentun squared fixed, this value
is determined by the parameters appearing in the lagrangian. They are not describing the
entire three dimensional dynamics of the DO particle.

The analysis of the existence of BPS states shows trough equations (f.44) and ({.47)
that they only exist in a highly degenerate case of the conformal mechanics, namely, in
the free particle case. A natural question then arises as to whether it is possible to obtain
the lagrangian of a D0 brane from the method of non-linear realization without any extra
geometrical or physical requirements. This point will be addressed in a future study.
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A. Notation and conventions

The psu(1,1]2) algebra

[H,D] = iH, [K,D|=—iK, [H, K]=2D, (A.1)
[Jaa Jb] - iaachw (Az)
[Qi, Q}L — §'H, [5 St ]} = 0K, (A.3)

51.Q7] = ~(e)d T+ idiD, QNS = (0w Ju—idfD.  (Ad)
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0.Q] = —3@,  |p.Ql] =50 (A.5)
(D, S = %S [D,STZ} - %ST,, (A.6)
[K,Q7] = S, [K,Q ] — (A7)
[H,5] = @', [H st } — _Qf; (A.8)
Q] = 3@ [ Q1] = —S(e@t. (4.9)
a8 = 559(0u)'s [T 81e] = 5 (00)ST (A.10)

Maurer-Cartan forms
The Maurer-Cartan one-forms are explicitly given by

1 i

L = Liy + 5 L (m")? = 5 (ndn’ — dim"), (A11)
1 i

LP = Lp{1 + 50" + A1)} + 2 Lic(m") " = nAT) + (Adn' + dnT), (A.12)

1 1 1
LF = L1+ (" + 0\T) = S (noan’) (AaaAT) + 2 (D) AN '+ nAT)} + £ Lir(AAT)?

—iL%(AnT — bt - %(Adﬂ — ) = Zdnt — dpah(ah, (A.13)

L
2
L =15 + [i()\aadnT — dpoaAt) + %L% (AaanT - naa)\T>
1
+L9({—(770a77T) - 5(7777T) <)‘Ua77T + nUaAT)} - LH()‘O'a)‘T):| Sab(6)7 (A'14)
1 , i
29 = Jan+ 3 L= i~ S25lm ) 5(0) (A15)
1 ' 1 1
LY = [d)\ + idn(MT) — A\dn') — LH%()\)\T))\ - L%§ <>\ + (M)A — 577(W)>

LSl =in-+ V530 = 5 NDA = gamOAD} | (6) (4.16)

L9 and 5" are conjugate to L? and L° respectively. L%,, DKk are the Maurer-Cartan
forms associated to the SO(1,2),

LY = —e ?dt, LY = 2ewdt + dz, LY = —e 2Wkdt — wdz + dw (A.17)
while those of the SU(2) are

cos 02 cos 02 cos 02 sin 63 — sin H2
L0=df’ Lyy, Lpu=| —sing? cos 63 0 . (A.18)
0 0 1

5(0) and Su(#) are spinor and adjoint representations of the SU(2) rotation "/

in ((A.2() and ([A.21)) in the appendix A respectively.

given
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SU(2) matrices
The group element g, in the SU(2) sector (R.1) is
gy = o101 1 102 T2 i0% T3 (A.19)

Sup is the adjoint representation of the gs

cos 62 cos 6° cos 62 sin 63 — sin 62
S,y = | sin#'sin?cos 63 — cos 6 sin 02 sin O sin 62 sin 02 + cos 1 cos 63 sin O cos 62
cos 01 sin 02 cos 63 + sin 01 sin 63 cos 61 sin 62 sin 3 — sin 6 cos 2 cos O cos 62
(A.20)
while the spinorial representation is:
gl ) .93
s=e"2%e" 22" 73, (A.21)
It holds ]
1
sTogs = Supoy, (ST)addeb = e LY, stds = ngac. (A.22)

The SU(2) left invariant one forms ([A.1§) are

cos 02 cos 03 cos 02 sin 63 — sin #2
Ly = df® Ly, L= —sin#3 cos 63 0 (A.23)
0 0 1

The right invariant one forms defined by —idg Jgjl = JaRSG are

1 0 0
R} =d0*Ry,, R= 0 cos 0! —sing' | . (A.24)
—sin6? —sin 6! cos 62 cos 6 cos 62

The matrix R;bl is the inverse of R;

1 0 0
R™!= | sinf'tan6? cosf' sinf'/cosf? | =S L7t (A.25)
cos 0! tan #? —sin @' cos '/ cos 62

When the lagrangian was constructed in @), the following shorthands are used
Ny = bH+bKi(A>\T )2 — (AaaA")Sabs (A.26)
N =bp {15 (41X} = bie £ — X)) 2 (Aot —noadl) Sty (A27)
N = b {1+ (At +nAT) — %(noanT)(AaaAT)+%(W)(MT)(W+nAT)+1i6(7777T)2(MT)2}

1 i
b1 (") +bp 5 (") (A’ = nA\T)

1 1
—{(noan’)+ 3 (m") <)‘Ua77T +770a)‘T) +5 (m")? (Ao A1) }Sapbs (A.28)
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i
Nrest = b {—5 (ndn' — dim")}+bp{(Adn' +dnAT)}

+ b { =5 (AT — dAT) = S (! — dnAT)ONT) — 2 (" — din) OAT)?}

+ {i(Aadn' = dnoa A1)+ 2 (ndn' = dipy) (AguA")} Sanb, (A.29)

MC forms in the AdS basis
The bosonic part of the MC forms in the AdS basis are given as

1 d 0 1
LEP = da® cosh %, L =dat, LMo = % sinh %, (A.30)
L' =df'cos9?,  LPP=d6?, — LJ*=—db'sing>. (A.31)

The Lf 0, Lf ' L{MOI , Li]" in (5.7) are including the fermionic contributions and are obtained
as

I REF 4L, I =RP. I orfoIf. Lh (s

Here L{{,L{(,L?,Li]” are obtained from LY, LK LP L7 in the conformal basis ([A.11])-
A.14) in whic , LY LY are replaced by
A.14) in which LY, LY, LY, LY, laced b

LPO LM01 LPO LM01 LP1 J
L?{ - 20R - 02 ) L?(—> 20R 02 ) LOD - }% ) LOJb —>L0b’ (A33)

where the bosonic MC one forms in the AdS base are given in (A.30) and (A.31).

B. PSU(1,1|2) transformations

The bosonic transformations of PSU(1,1|2) are given in (R.7)-(2.10). Supersymmetric and
superconformal transformations of the goldstone fields can be calculated in the same way,
obtaining however, complicated expressions. It is convenient to give them here for further
references.

e Ordinary supersymmetry:

=3 g o) (5 35 )

oz = b= () (11 25 () ) o

=422 13 ) (05 )] - 0
b= (s o o) (- 2 )

— A
5Qi77;2 = we /2 (nT o Z <7777T)> nlJLEQi
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o—2/2 2
5Qi)\2 = iwe /2 2Ak Qs (B.2)
N
b _ z/2 : T : t ab
0Q8° = (wan oA (maan )) PPeq, (B.3)
Where ; ;
AT+ A
A=1+ % (B.4)

The transformations under Q' are obtained by taking conjugations. For example from (B-2)

. T
5QT77k = e %/2 <5ik + %w (mff) <6zk + Z%)) EQI. (B.S)

e Superconformal transformations

ost = %e’” 2 [%T + % (¢ + 1) () ( - 21 (W)ﬂ

; T
_ b /2 Y (= A (ot o2yt
sz gwe (e ) <7777 ) ( A <7777 ) n'es
dgw = 26*2/2(‘}2 Zt?]T _ l (ez + tW) (nnT) T_ AT (nnT> €g — ez/277TWES
2 2 2A
AT
z/2 —z/2
+Z2A <e + twe > €s (B.6)

08, M = (—ite‘z/%@-k + % (62/2 + twe_Z/Q) (7777*) <—5¢ )\ZA%>> €s, (B.7)
<ez/2 +twe‘z/2> <m7T> (nj AAI <7777T)> nles,
I\ = <ez/2 —i—twe‘z/Z) (@k )\QZK>
(

Afpf
ez/Q—i—twe_z/Q) 2”71]6 €s;
+

5g0° = — <ez/2 + twe‘z/2> (iaanT — ;—A (inaanT>> PPeg

ds, 771Tg =

s\, =

(B.8)

C. Diffeomorphism in terms of the gauge symmetries

It is shown here that the diffeomorphism of the action (B.2) is equivalent to a suitable
combination of the T-gauge (f.11), U(1) (f.13) and kappa ([.14) transformations for the
BPS case bybx = b3 + baba, [{13).
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C.1 Trivial Symmetry

The Euler derivatives (£)ys are defined as
6L = (L) 6 ZM + surface term, (C.1)
any action is invariant under a transformation of the form
§ZM = (L) y ANM | AMN — (L YMN ANM (C.2)

that is, AMY is graded anti-symmetric. (=)™~ = —1 when both M and N are odd indices

and (—)MY = 41 otherwise. It is a trivial symmetry and does not lead to a Noether

charge. Now the Lagrangian is (B.2).
L =0byL (C.3)
In this appendix the pullback on L# is tacitly understood. The Euler derivative (L) is
(L)ar = bafie(ZNINE) (L) ()M D)., (C4)

In the present formulation we use all group coordinates Z* the L’MB = (LyP)(—1)MM+B)
has the inverse L'BM. It is convenient to define

L]p = (L)L = bafhc(ZVNLNO). (C.5)
Using it ([C.1)) is written as
6L = [£]a[0Z4] + surface term. (C.6)

Then a transformation is trivial if [§Z4] is written as a (graded) antisymmetric combination
of the equations of motion ([C.j),

(624] = [L]pAPA,  AAB = _(_)ABABA, (C.7)

C.2 Geometrical diffeomorphism

For the geometrical diffeomorphism
5diffZM =ezM, - [5diffZA] =ezM Lyt =l (C.8)

We will show the geometrical diffeomorphism is not independent of the gauge transforma-
tions but equivalent to a combination of the gauge transformations. More precisely they
differ by a trivial transformation discussed above.

The gauge transformations of (3.3-6) is

Bganget] = €(7),  [Bgauger] = —2226(7),  [Syaugews] = LLe(r),

[5gaw69a] = by,a(T),
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Bgaugerl] = in(T)5(0),  [Fpauge] = rin(7)s(8) (L2 + 2278y, (C.9)

Let A is difference of “0g;¢;” and “dgquge”

b
[At] = =eL® —e(r), [Az]=ceLP + 2ie(7),
b
[Aw] = LK — ie(ﬂ, [A6Y] = eL’* — by, a(T),
ib baoa
[An] = L@ — kn(7)s(6), [AN = eL® — Kn(T)S(H)(—D ), (C.10)
bi br
We choose the gauge parameter functions €, o, k as
b Lb *
e(r)=cL?,  a(r)= X be) . ky(m)s(0) = eL® (C.11)
so that, using Euler derivatives in (C.5),
[At] = 0,
[AZ] = bi (bKLD + 2bDLH) = _bi[E]K,
K K
€ €
Aw] = — (bgL® — by L) = —[L
[Aw] bK(K uL™) bK[]D,
€ €
[A0%] = 33 €avebe(€pdebal®) = — 15 €avcbe [Cly,
[An] = 0,
(AN = bi (b LS — L (ibp + baoa)) = —ibi ] (C.12)
K K
We also have for the conjugate coordinates
€
[AUT] =0, [AM} = i— L. (C.13)
K

From (R.1)) remembering that the coordinate for S is AT while that of ST is —\ they are
written in the matrix form

g\ (g
[AZ] [5] D : i
[2;0] [[ﬁ]]K _% . ,
a —72€abcVc
%Avﬂ} |1z, K (C19
—[An] (L] g
[AX] L) i
— (AN g i

The matrix appearing here is graded anti-symmetric and the transformation A is shown
to be trivial.
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In the non-BPS case, bybyx — b2D #+ b2a, there is no kappa symmetry and , is taken

to be zero in ([C.1() and ( [C.11)). In this case

[[’]Q b — [£]g (ibp — baoa)
bub — 03 — b3,
bub — 03 — 05

[An] = eL9 = —ie

[AN] = eL” = —ie (C.15)

They are also graded anti-symmetric combinations of the equations of motion and the
difference of the diffeomorphism and the H and U(1) transformations is a trivial transfor-

mation.

D. Conformal mechanics invariant under OSP(2|2)

In this appendix we explicitly derive the kappa transformation of the OSP(2|2) case in
an arbitrary configuration. Furthermore kappa invariant and quasi invariant variables are
constructed and the lagrangian is written in terms of them. To show the relation with the
former case a dictionary is given.

The OSP(2|2) is a subalgebra of SU(1,1|2) whose generators are

H, K, D, B=-2J (D.1)

and 1
oy 1 o i _ gt
Q; ﬁ@+00, S; (8" —ST). (D.2)

They satisfy OSP(2|2) algebra:

S8

[H,D] =iH  [K,D|=—iK  [H,K]=2iD (D.3)

1
Qi Q] = oy [Si,85], =K Qi S5l, =0y D + ey B (D.4)
i

[D,Qi] = _%Qi [D,S;] = §Si (K, Q] = —iS; (D.5)

[H, SZ] = ZQZ [B, Qz] = —’i&iij [B, Sz] = —i&iij (D6)
The group element is parametrized as

g= e—itHeizDeineiﬁQei)\SeiozB (D.?)

All formulas of OSP(2]2) must be given from those of the SU(1,1|2) by the following

replacements

i, S A BV S
"o s 7l 2% n')
A i~ i~ - A
U U L U iy | S\
T NG Nt
62 = 20, and 0'=6>=0 (D.8)
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The components of the left invariant Maurer-Cartan form are:
L7 = —e72dt + %(ndn)

LK

dw <1 +i(An) + é(AeA)(nen)) — wdz <1 +i(An) + %(Ad)(nen))
—we T dt (1 +i(A\n) + é()\e)\)(nen)> - %(AdA)

LY = dz (1 + %(An)) + 2we*dt <1 + %(An)) +i(Adn)

LB = da+ i dw (nen) — i dz ((Aen) + w(nen))

—e_zdt% (()\6)\) + 2w(Aen) + wQ(nen))

_%( Aedn) — %(Ae)\)(ndﬁ)

1 .
L9 = (cosa + € sina) [dn +30 dz + e #dt(\ +wn) — % )\(ndn)} ,

. 1 . .
L% = (cosa + esina) [d)\%—(n—%e)\(nen)) dw—dz (5)\ + nw—l—%en()\e)\) - %e)w(nen))

—e “dt <w)\ + w?n + iwen()\e)\) — iw%A(nen)) — i edn()\e)\)] ,

where € = i09.

Now the action is:
S = / Ldr = / (b L™ + b L +bpLP + bpLP)
Under k variations satisfying
[0t] = [0z] = [da] = [ow] = 0

the LI one forms transform as:

oL = —iL%on]  SLF = —iLS 5N SLP = —i (L9 [6A] + L7 [on))

SLB = —% (LPe[6A] — L [on)]) .

The condition for the lagrangian ([D.1() to be kappa invariant is given by:
1 1 1 1
[0n] = —— | bp + =bpe ) [0A] [0A] = —— | bp — =bpe | [d7]
by 2 bk 2
which in turn implies:

1
brby = bh + ZbQB.

When this is verified it is kappa symmetric else it describes non-BPS paricle.
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The kappa transformations of the BPS particle are found as follows. Due to the former
condition, (D.11]), we can find the explicit form of the kappa variations for the bosonic fields
in term of the fermionic ones:

Oxt = zeznéﬁn

2

Oz = — (1 — %(An)) iIAIn — winden

dpw = —(1—

1

i) Erg - (1 - %(M)) A — S

[\

e = £ Oeben) — 5 (nen) (M) + 3 Ohe) (Aden).

Introducing kappa parameters:

[0n] = (cosa + esina) Ky

we get
Oxn =

(D.14)) is solved for k) as

We can introduce the kappa invariant variables; fermionic coordinates:

7 7
Ky + 517 (Akp) O = Ky + 577 (AK)) -

1 1

bp

W= (Ot (b — Ley)

and the bosonic coordinate:

br 2

= [N,
q:\/iei <—K

br

)

[0A] = (cos v + esin @) Ky,

(D.16)

(D.17)

(D.18)

(D.19)

(D.20)

(D.21)

Using the kappa condition ([D.15) the lagrangian is expressed in terms of the kappa invariant

variables:
.2 M
q 2t
L=bx—— —
K 2t qu2 <
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